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Recently, it is reported that thermal fluctuations which are interpreted as quantum effects, modify
black holes entropy by an exponential term. We now find the effect of such modification on black hole
mass and other thermodynamics quantities. We find that Schwarzschild black hole mass decreased
by thermal fluctuations. Hence, we study exponential corrected thermodynamics and statistics of
black holes by computing the partition function. We obtain special condition on the event horizon
radius to satisfy Smarr-Gibbs-Duhem relation in the presence of quantum correction. As we know
the Schwarzschild black hole is unstable, while the effect of exponential correction is the stability of
4D Schwarzschild black hole as well as the Schwarzschild-AdS black hole at a small area. On the
other hand, a 5D Schwarzschild black hole is completely unstable. The effect of quantum correction
on the Reissner-Nordstro¨m black hole is instability at quantum scales. Finally, we consider the most
general case of charged AdS black hole and study corrected thermodynamics.
PACS numbers:
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I. INTRODUCTION
Thermodynamics and related topics are important ways to study black hole physics. Holographic princi-
ples help us to relate surface quantities to the black hole thermodynamics. Black hole entropy and tempera-
ture holographically related to the horizon area and surface gravity respectively [1, 2]. Black hole parameters
like mass, charges, or angular momenta are thermodynamics variables of the first law which yields to the
Smarr formula [3]. According to quantum mechanics, a black hole can emit radiation which is known as
Hawking radiation [4]. Due to the Hawking radiation, a black hole decreased its size which may yield to
evaporation. Also, a black hole may stop evaporation and become stable at the quantum ground state. From
the string theory point of view, it is described by a space-time metric whose gauge fields denoted by mass,
charges, or angular momenta [5]. One of the best ways to investigate what happened to the black hole at
the quantum scale is the study of thermal fluctuations [6–8]. It yields to knowledge about the microscopic
origin of entropy. Indeed, it is statistical fluctuations that may be interpreted as the quantum correction.
The study of such quantum corrections in a strong gravitational system needs a theory of quantum gravity.
It can be done via some quantum theories of gravity like string theory or loop quantum gravity.
Already, it is found that leading order correction to the black hole entropy may be logarithmic [9–13]. It is
indeed an important term when the black hole size is small. Hence, it can be considered to test the quantum
gravity [14–17]. Such thermal fluctuations are considered as small perturbations around the equilibrium
temperature. In that case, the effects of logarithmic correction on a BTZ black hole [18] in a massive gravity
investigated to find that thermal fluctuations modify the black hole stability [19, 20]. Logarithmic corrected
(leading order) thermodynamics of Horava-Lifshitz black hole also investigated [21], while the extension to
higher order correction is including inverse of entropy [22]. The higher order corrections is indeed a way to
calculate the microcanonical black hole entropy [23]. It can be applied to the Schwarzschild and BTZ black
Holes [24].
Recently, an exponential term proposed to correct the black hole entropy [25]. It has been claimed that the
exponential corrections in black hole entropy may arise in any quantum theory of gravity [25]. This term is
negligible for a large horizon radius, while it is important when the black hole seizes become small. Until
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2now, there is no thermodynamics analysis of black holes with exponential entropy corrected, hence it has
been done in this paper for some kinds of black holes. As we know, any thermodynamics systems consist
of some measurable microstate which yields to the ordinary entropy. However, there are a large number of
microstates that are unmeasurable directly. Since any given thermodynamics system like black holes could
exist in any of measurable and unmeasurable microstates, there is an extra term in the entropy. In this pa-
per, we show that the entropy associated with the unmeasurable microstates is an exponential term. Then,
we try to obtain the effect of this correction on the partition function, hence study black hole exponential
corrected thermodynamics.
This paper is organized as follows, in the next section, we introduce exponential correction on the entropy.
We use it in section III to obtain partition function and hence study thermodynamics quantities. In section
IV, we consider Schwarzschild black hole to apply the obtained formula of section III. In section V, we
consider Reissner-Nordstro¨m black hole and find the effect of exponential term on the black hole stability.
In section VI, we extend our calculations to the case of the Schwarzschild-AdS black hole. The more general
case of charged AdS black hole discussed in section VII. Finally, in section VIII, we give a conclusion and
summary of results.
II. CORRECTIONS ON BLACK HOLE ENTROPY
As we know, the entropy of large black holes (comparing with the Planck scale) is proportional to the
horizon area. Also, we know that the black hole size is reduced due to the Hawking radiation. Hence, the
small black hole entropy needs some corrections. These corrections are interpreted as a quantum effect,
coming from quantum (thermal) fluctuations, which yields to the modification of the holographic principle
[26, 27]. It has been found that the leading order corrections to the Bekenstein-Hawking entropy is logarith-
mic [28]. However, for the space-time dimension other than four (D 6= 4), the black hole entropy corrections
may be power law [29] which is like higher order corrections [30]. We should note that the entropy corrected
black holes may be investigated by using the non-perturbative quantum theory of general relativity. In that
case, the leading order entropy corrected AdS black hole in large area limit of a four-dimensional Einstein
gravity with negative cosmological constant has been studied by the Ref. [31]. Moreover, it is interesting to
consider a matter field near the extremal Reissner-Nordstrom and dilatonic black holes and study the effect
of quantum corrections on the black hole thermodynamics [32]. Logarithmic corrected thermodynamics is
an interesting subject in various contexts like that discussed by Refs. [33, 34]. Several black objects are
considered to investigate universality in the form of correction terms [35, 36]. It is also possible to use the
partition function to study the corrected thermodynamics of black hole [37], which yields to the fact that
the quantum correction to space-time structure would produce thermal fluctuations [38].
All above mentioned corrections can be expressed as following,
S = S0 + α ln f(S0) +
γ
S0
+ ηeg(S0), (1)
where α, γ and η are some constants. Also, f(S0) and g(S0) are suitable functions of the uncorrected black
hole entropy given by,
S0 =
A
4l2p
, (2)
where lp is Planck length and A is the black hole horizon area. Several forms of function f(S0) like S0T
2,
CT 2 or S0 already discussed in literatures [39–43]. The logarithmic correction with coefficient α [44, 45] and
higher order correction with coefficient γ [46, 47] may be negligible. Hence, it is possible to consider the
case α = γ = 0 which is interested in this paper. In the Ref. [25] it is argued that g(S0) = −S0 and η = 1,
independent of the theory of quantum gravity. The exponential term also is negligible for large black hole
areas (entropy), but its effect is important when the black hole area is small, Therefore, it is considered as
a quantum effect for the small black hole as well as logarithmic correction [48].
According to the statistical physics, the ordinary (uncorrected) entropy of a given system (denoted by S0) is
related to the number of different microstates which are measurable (Ω), so in units of Boltzmann constant
3(kB = 1) we can write,
S0 = lnΩ. (3)
However, there are other unmeasurable microstates, which make the extra term for the entropy (Smicro). It
is clear that the probability of finding such states is inverse of Ω, and corresponding entropy is proportional
to the probability. Hence,
Smicro ∝ 1
Ω
, (4)
without loss of generality, we can choose the unit value for the proportionality constant (corresponding to
η = 1 as discussed above). Therefore, we can write,
S = S0 + Smicro. (5)
Combining the equations (3) with the equations (4) yields,
Smicro = e
−S0 . (6)
Hence, in agreement with the result of [25], from the statistical physics for the large N (total number), and
using Stirling’s approximation, the quantum correction to the black hole entropy is exponential and given
by,
S = S0 + e
−S0 . (7)
It is compatible with the non-perturbative features of the string theory [49] and is valid in the Planckian
regime of the black hole event horizon area. It is clear that for the large black hole we have A≫ 1 so S0 ≫ 1,
hence S = S0. On the other hand for the case of S0 = 0 (A = 0), we have S = 1, so we may use it for
the two-dimensional black holes as well as entropy function formalism [50, 51]. Although, quantum entropy
function may also yield to the logarithmic correction [52]. In general, according to the relation (7) we can
find S ≥ 1.
A general spherically symmetric black hole metric in D dimensional space-time given by,
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2D−2. (8)
Black hole area, and hence, black hole entropy depends on dΩ2D−2 elements, while black hole temperature
(at outer horizon radius r+) is given by,
T =
1
4pi
(
df(r)
dr
)
r=r+
, (9)
which seems independent of dΩ2D−2 elements. Therefore, the black hole entropy may correct but the black
hole temperature remains unchanged. However, there are some possible ways to obtain corrected temperature
[53]. In this work, we assume that the Hawking temperature of the black hole given by the equation (9) do
not affect by quantum corrections.
The extra exponential term of the black hole entropy (7) affects some thermodynamics quantities which will
be discussed in the next section. Also, it modifies the partition function of statistical physics, which will
obtained in the next section.
III. THERMODYNAMICS AND STATISTICS
In this section, we would like to use corrected entropy (7) to see a modification of some thermodynamics
and statistics quantities in a general form. To find a general formalism, we need to specify the temperature
4dependence of the entropy. It is a power law for several systems like Schwarzschild black holes. Hence, we
use the following ansatz,
T = c1S
n
0 , (10)
where c1 is a constant and n is a number. Also, it is easy to extend this relation as,
T =
∑
i
ciS
ni
0 . (11)
Hence, the equation (10) is a special case of the equation (11) where there is only one coefficient c1.
To begin, we use a well-known relation between entropy and partition function (Z) of a canonical ensemble
which is,
S = lnZ + T
(
∂ lnZ
∂T
)
V
. (12)
By using the exponential corrected entropy (7) and temperature (10) in the relation (12) we obtain the
following relation,
lnZ =
n
n+ 1
S0 +
n
Sn0
∫
Sn−10 e
−S0dS0 + g(S0), (13)
where g(S0) is an unknown function depend on quantum correction which will be obtained using other
thermodynamics quantities. Indeed, quantum effects are encoded in both the last terms of the expression
(13). Hence, at the first step, we try to solve the above integral numerically. By using the following relation,∫ ∞
0
xne−xdx = n!, (14)
we can rewrite the equation (13) as following,
lnZ =
n
n+ 1
S0 +
n(n− 1)!
Sn0
+ g(S0). (15)
The function g(S0) includes two parts, one is corresponding to ordinary entropy (classical) and the other is
corresponding to quantum correction, hence we can write,
g(S0) =
gc
Sn0
+ gq(S0), (16)
where gc is a constant related to the classical part, while gq(S0) is an unknown function due to the quantum
correction. This part added to recover the missed entropy-dependence part due to the numerical calculations
of (14). Therefore,
lnZ = lnZ0 + lnZc =
[
n
n+ 1
S0 +
gc
Sn0
]
+
[
n(n− 1)!
Sn0
+ gq(S0)
]
, (17)
where
lnZc =
n(n− 1)!
Sn0
+ gq(S0), (18)
referred to the correction of partition function due to the thermal fluctuations, while Z0 denotes uncorrected
partition function. Therefore, the corrected partition function can express as,
Z = exp
(
n
n+ 1
S0 +
gc + n(n− 1)!
Sn0
+ gq(S0)
)
. (19)
5Having the partition function, help us to obtain all thermodynamics quantities. For example, internal energy
given by,
U = T 2
d lnZ
dT
=
c1
n
Sn+10
[
n
n+ 1
− n
Sn+10
(gc + n(n− 1)!) + g′q(S0)
]
, (20)
where prime denotes derivatives with respect to S0.
On the other hand, having corrected entropy and temperature also gives us the thermodynamics of a given
system. Both ways should coincide and this helps us to determine gq(S0) function. We can do that by using
the Helmholtz free energy F . According to the statistical mechanical we have,
F = −T lnZ = −c1Sn0
[
n
n+ 1
S0 +
gc + n(n− 1)!
Sn0
+ gq(S0)
]
, (21)
while according to the thermodynamics we have,
F = U − TS = U − T (S0 + e−S0). (22)
Both equations (21) and (22) should make the same result. It yields to the following differential equation,
S0g
′
q(S0) + ngq(S0) = ne
−S0. (23)
Solution of the above equation obtained as,
gq(S0) =
gq
Sn0
+
[
WM(n2 ,
n+1
2 , S0)S
−n2
0
n+ 1
+WM(
n+ 2
2
,
n+ 1
2
, S0)S
−n+22
0
]
e−
S0
2 , (24)
where WM(µ, ν, z) is Whittaker function which is constructed from hypergeometric function. gq is an
integration constant. In the case of n = 0 we have gq(S0) ≈ 1 + gq. In the Fig. 1 we can see behavior of
gq(S0) in terms of S0 for some values of n. Hence, using solution (24) in the equation (17) one can write,
lnZ =
n
n+ 1
S0 +
g + n(n− 1)!
Sn0
+
[
WM(n2 ,
n+1
2 , S0)S
−n2
0
n+ 1
+WM(
n+ 2
2
,
n+ 1
2
, S0)S
−n+22
0
]
e−
S0
2 , (25)
where g ≡ gc + gq is used.
To investigate further about thermodynamics quantities like pressure, enthalpy, and Gibbs free energy
we need black hole volume, which can be expressed as follows,
V = vdS
d
d−1
0 , (26)
where vd is a constant and d is spatial dimension. For example, in five-dimensional space-time (d = 4) we
find vd = (
2
pi2 )
1/3.
In that case, pressure given by,
p = T
d lnZ
dV
= p0 + pc, (27)
where p0 is uncorrected pressure given by,
p0 =
(d− 1)c1n(Sn+10 − gc(n+ 1))
(n+ 1)dvdS
d
d−1
0
, (28)
6FIG. 1: gq(S0) in terms of S0 for gq = 1.
while pc is corrected pressure which is obtained as,
pc =
(d− 1)c1n
(n+ 1)dvd
[
S
n(d−1)−2d
d−1
0 e
−S02 WM(
n
2
,
n+ 1
2
, S0) + S
− dd−1
0 ((n+ 1)(n! + gq))
]
. (29)
In the plots of Fig. 2 we can see the effects of quantum correction on the black hole pressure. Increasing
pressure is one of the important quantum effects.
FIG. 2: Pressure in terms of S0 for g = 1.
Enthalpy is given by the following general formula,
H = T
[
T
d lnZ
dT
+ V
d lnZ
dV
]
≡ H0 +Hc, (30)
where H0 is uncorrected entropy, while Hc denotes the effect of quantum correction which are respectively
obtained as,
H0 =
c1((d− 1)n+ d)(Sn+10 − gc(n+ 1))
(n+ 1)d
, (31)
and
Hc = −c1((d− 1)n+ d)
(n+ 1)d
[
S
n
2 e
−
S0
2
0 WM(
n
2
,
n+ 1
2
, S0) + (n+ 1)! + gq(n+ 1)
]
. (32)
7In Fig. 3 we can see the behavior of the entropy and find the effect of quantum correction which is decreasing
enthalpy.
FIG. 3: Enthalpy in terms of S0 for g = 1.
Then, we can obtain Gibbs free energy via,
G = T
[
− lnZ + V d lnZ
dV
]
≡ G0 +Gc. (33)
In Fig. 4 we can see the effect of quantum correction on the Gibbs free energy.
FIG. 4: Gibbs free energy in terms of S0 for g = 1.
Finally, we can discuss specific heat at constant volume,
C = T
[
2
d lnZ
dT
+ T
d2 lnZ
dT 2
]
≡ C0 + Cc, (34)
where
C0 =
2nSn+10 − gc(n− 1)(n+ 1)
n(n+ 1)Sn0
, (35)
8and
Cc = −
S
−n2
0 e
−S02 WM(n2 ,
n+1
2 , S0) + (n+ 1)
(
(n− 1)(nΓ(n) + gq)S−n0 + S0e−S0
)
n(n+ 1)
, (36)
In the plots of Fig. 5 we draw specific heat in terms of S0 for some values of n. We can see that quantum
correction is different for a given system with different n. For example, the system with n = −1.5 is stable
(C0 < 0) while in presence of a quantum effect, corrected specific heat is a negative and the black hole is
unstable. In the case of n = −0.5 also the effect of quantum correction is the stability of the black hole (see
the solid red line of Fig. 5). It means that some kind of black holes, reduced its size due to the Hawking
radiation and goes to a stable phase hence do not evaporate.
Then, in the Fig. 6, we draw specific heat in terms of n and see some phase transition for specific values of
n like n = −1,−2.
Now, we can consider some black hole kinds to exam about general formulation. We begin with the
Schwarzschild black hole.
FIG. 5: Specific heat in terms of S0 for g = 1.
FIG. 6: Specific heat in terms of n for S0 = g = 1.
9IV. SCHWARZSCHILD BLACK HOLE
The simplest spherically symmetric solution is a Schwarzschild black hole. We consider it in both 4 and
5 dimensions separately to study exponential corrected thermodynamics. The black hole mass (M) is an
only important parameter of this kind, hence the first law of thermodynamics for the Schwarzschild black
hole given by,
dM = TdS = TdS0(1− e−S0), (37)
where in the last equality we used (7). Using the equation (10) in the thermodynamics first law (37), then
applying numerical integration (14), we find,
M = c1
(
Sn+10
n+ 1
− n!
)
=M0 − c1n!, (38)
which means quantum corrections reduced the value of the black hole mass. For obtaining expected results
for usual Schwarzschild black hole thermodynamics, we should set g = 0.
The Smarr-Gibbs-Duhem relation for the Schwarzschild black hole is given by [54],
D − 3
D − 2M = TS. (39)
Following, we study two separate cases of Schwarzschild black hole in four and five dimensions.
A. 4D
Four-dimensional Schwarzschild black hole given by the metric (8) with D = 4 and (see for example
[54]),
f(r) = 1− 2M0
r
, (40)
where M0 = TdS0 denotes the uncorrected black hole mass satisfying ordinary first law of thermodynamics,
so r+ = 2M0 is the black hole event horizon radius. The black hole entropy and thermodynamic volume
given by,
S0 = pir
2
+, (41)
and
V =
4
3
pir3+, (42)
respectively. Using the relations (9) and (66) one can obtain,
T =
1
4pir+
. (43)
Combination of (41) and (43) yields T = 1
4
√
piS0
, hence we find n = − 12 and c1 = 14√pi in the equation (10).
Also, combination of (26), (41) and (42) gives, vd =
4
3pi , so V =
4
3piS
3
2
0 .
The first law of black hole thermodynamics reads as,
dM = dM0(1− e−S0), (44)
which yield,
M =M0 − 1
4
. (45)
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In that case, the Smarr-Gibbs-Duhem formula (39) gives
M0 − 1
4
= 2T (S0 + e
−S0), (46)
which hold only in the special radius r+ ≈ 0.867, where we used M0 = 2TS0 as ordinary (uncorrected)
Smarr-Gibbs-Duhem relation.
In Fig. 7 we can see the important effect of quantum correction on the partition function of 4D Schwarzschild
black hole. Both solid and dashed lines of Fig. 7 are coincide for large area (large S0).
FIG. 7: Partition function of 4D Schwarzschild black hole in terms of S0 for g = 1.
Right plot of Fig. 2, shows the effect of quantum correction on the Schwarzschild black hole pressure.
In the case of a large area, the pressure is negative, however, pressure becomes positive at small area due
to the thermal fluctuations. In order for seeing a variation of specific heat with the horizon radius, we draw
Fig. 8. As we found earlier, the effect of quantum fluctuations may be black hole stability.
FIG. 8: Specific heat of 4D Schwarzschild black hole in terms of r+ for g = 1.
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B. 5D
Five-dimensional Schwarzschild black hole given by the metric (8) with D = 5 and (see for example [55]),
f(r) = 1− r
2
+
r2
, (47)
where r2+ =
8
3piM0 is event horizon radius. The black hole entropy and thermodynamic volume is given by,
S0 =
pi2
2
r3+, (48)
and
V =
pi2
2
r4+, (49)
respectively. Using the relations (9) and (47) one can obtain,
T =
1
2pir+
. (50)
Combination of (48) and (50) yields T = 1
2(2pi)1/3S
−1/3
0
, hence we find n = − 13 and c1 = 12(2pi)1/3 in the
equation (10). Also, combination of (26), (48) and (49) gives, vd = (
2
pi2 )
1/3, so V = ( 2pi2 )
1/3S
4
3
0 .
Using the first law of thermodynamics we find
M =M0 − 0.24. (51)
In that case, relation (39) hold if the following condition satisfied,
r4+ −
2
pi2
r+ − 3
2pi8/3
= 0. (52)
We can analyze black hole stability by using a sign of specific heat. We can find that specific heat is negative
for all area range. Therefore, opposite to the previous case, the 5D Schwarzschild black hole is completely
unstable even under quantum correction.
We can express exponential corrected entropy in terms of corrected mass to see that the second law of
thermodynamics is also satisfied which is illustrated by Fig. 9.
V. REISSNER-NORDSTRO¨M BLACK HOLE
Now, we consider a charged black hole. Four-dimensional Reissner-Nordstro¨m black hole given by the
metric (8) with D = 4 and (see for example [54]),
f(r) = 1− 2M0
r
+
Q2
r2
, (53)
where Q is the black hole charge. The first law of black hole thermodynamics read as,
dM = TdS +ΦdQ, (54)
where electrostatic potential given by,
Φ =
Q
r+
. (55)
12
FIG. 9: Corrected entropy in terms of M .
It is clear that the first law of black hole thermodynamics satisfied as 4D Schwarzschild black hole. Hence,
corrected mass is the same as (45) and the Smarr-Gibbs-Duhem formula (39) should extended to [54],
D − 3
D − 2M = TS +
D − 3
D − 2ΦQ, (56)
which will be hold if following equation satisfied approximately,
2pir4+ − pir3+ − 2(6piQ2 + 1)r2+ + 8Q2 = 0. (57)
This case described by the equation (11) where we have only two coefficient. Hence, equation (10) extend to
T = c1S
n1
0 + c2S
n2
0 , (58)
where c1 =
1
4
√
pi
and n1 = − 12 are as 4D Schwarzschild black hole, while c2 = −
√
piQ2 and n2 = − 32 are
corresponding to Reissner-Nordstro¨m black hole.
Therefore, similar to the previous section we can obtain corrected partition function as,
lnZ = lnZ0 + lnZc, (59)
where we defined,
lnZ0 =
(
g + 12piQ
2+S0√
S0
)
S
3
2
0
4piQ2 − S0 , (60)
and
lnZc = −

12piQ2(2
√
pi
3 +
1
3
√
S0eS0
(2− 1S0 )) + 1√S0eS0 +
√
pi
4piQ2 − S0

S 320 , (61)
In order to obtain the above solution, we used the following numerical integral,∫ ∞
0
e−xdx =
√
pi
2
. (62)
By using (20) and (21) we can obtain the behavior of internal energy and Helmholtz free energy as
U = U0 + Uc,
F = F0 + Fc, (63)
13
which are illustrated by plots of Fig. 10. Here, U0 and F0 denote uncorrected energies, while Uc and Fc are
correction terms. We can see that the corrected internal energy is completely negative while the ordinary one
is completely positive. Also, we can see that Helmholtz free energy decreased due to quantum corrections.
All of these may be a sign of instability in the presence of quantum correction which will be discussed soon
by analyzing sign of specific heat.
FIG. 10: Internal and Helmholtz free energies in terms of S0 for Q = g = 1.
A combination of relations (34) and (59) gives us the specific heat. The presence of Q makes Reissner-
Nordstro¨m black hole stable at a small radius while unstable at the large are. So, one can see an unsta-
ble/stable phase transition. However, the presence of quantum correction is a cause by instability at a small
areas. It is illustrated in Fig. 11.
FIG. 11: Specific heat in terms of r+ for Q = g = 1.
However, for the charged black holes, we should confirm our stability analysis by using the Hessian
matrix of the Helmholtz free energy which is given by,(
∂2F
∂T 2
∂2F
∂T∂Φ
∂2F
∂Φ∂T
∂2F
∂Φ2
)
= H. (64)
It is easy to see that the determinant of the H-matrix vanishes, which means that, one of the eigenvalues is
zero. Hence, we should consider the other one which is the trace of the matrix (64) given by,
Tr(H) =
(
∂2F
∂T 2
)
+
(
∂2F
∂Φ2
)
. (65)
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Black hole is in stable phase when Tr(H) ≥ 0. Our numerical analysis indicated that Tr(H) < 0 at a small
radius, which confirms black hole instability at quantum scales.
VI. SCHWARZSCHILD-ADS BLACK HOLE
In this section, we consider the Schwarzschild-AdS black hole in four-dimensional space-time. It is given
by the metric (8) with D = 4 and (see for example [54]),
f(r) = 1− 2M0
r
+
r2
l2
, (66)
where l is the AdS radius. The first law of black hole thermodynamics read as,
dM = TdS + V dP, (67)
where V is given by the equation (42), and thermodynamic pressure is given by,
P =
3
8pil2
. (68)
It is clear that the first law of black hole thermodynamics is satisfied. Hence, corrected mass is the same as
(45) and the Smarr-Gibbs-Duhem formula (39) should be extended to [54],
D − 3
D − 2M = TS −
2
D − 2V P, (69)
which will be held if the following equation satisfied approximately (for D = 4),
10pir4+ + 2(pil
2 − 3)r2+ − pil2r+ − 2l2 = 0. (70)
Here we have similar relation with the equation (58) with c1 =
1
4
√
pi
and n1 = − 12 are as 4D Schwarzschild
black hole, while c2 =
3
4pi3/2l2
and n2 =
1
2 are corresponding to Schwarzschild-AdS black hole.
The corrected partition function is obtained as following,
Z = exp
(
S20 − pil2S0 + g
√
S0
pil2 + 3S0
)
exp
( √
S0
pil2 + 3S0
[
pil2(
√
pi +
e−S0√
S0
) +
3
√
pi
2
])
, (71)
where the last exponential is due to the quantum correction. We find that increasing partition function is a
consequence of quantum corrections.
Using the equation (34) we can obtain specific heat and find that quantum corrections make Schwarzschild-
AdS black hole stable at the small areas (see Fig. 12). In absence of the thermal fluctuations, Schwarzschild-
AdS black hole is unstable at a small horizon radius, while in the presence of quantum correction it will be
stable by reducing size.
VII. CHARGED ADS BLACK HOLE
It is the most general case which considers in this paper. The charged AdS black hole is described by
mass, charge, and AdS radius which all of them introduced already. It is given by the metric (8) with D = 4
and (see for example [54]),
f(r) = 1− 2M0
r
+
Q2
r2
+
r2
l2
. (72)
The first law of black hole thermodynamics read as,
dM = TdS +ΦdQ + V dP, (73)
15
FIG. 12: Specific heat in terms of r+ for l = g = 1.
where S is given by (41), Φ is given by (55), V is given by the equation (42), and pressure P is given by (68).
Since the exponential corrected entropy is independent of Q and P , it is clear that the first law of black hole
thermodynamics is satisfied with the corrected mass (45). Hence, the Smarr-Gibbs-Duhem formula given by
[54],
D − 3
D − 2M = TS +
D − 3
D − 2ΦQ−
2
D − 2V P. (74)
Using the corrected mass and entropy for D = 4 we find that the Smarr-Gibbs-Duhem formula satisfied if,
4pir6+ + 2pi(l
2 + 3)r4+ − pil2r3+ − 2(3piQ2l2 + l2 + 3)r2+ + 2Q2l2 = 0. (75)
Here, we have the equation (10) with three terms as,
T =
1
4
√
pi
S
− 12
0 −
√
piQ2S
− 32
0 +
3
4pi3/2l2
S
1
2
0 . (76)
In Fig. 13 we can see typical behavior of the black hole temperature. In the case of charged AdS black
hole, we can see a minimum horizon radius where temperature vanishes. Hence, it is interesting to find what
happens for the black hole in the presence of quantum corrections where its temperature becomes zero.
In that case, corrected partition function obtained similar to (59) where,
lnZ0 =
(g − 3√pi)√S0 + 24pi2Q2l2 + 2pil2S0 − 2S20
8pi2Q2l2 − 2pil2S0 − 6S20
S0, (77)
is ordinary partition function and
lnZc = −
pil2
(√
piS
3/2
0 e
S0(8piQ2 + 1) + 4piQ2(2S0 − 1) + S0
)
(8pi2Q2l2 − 2pil2S0 − 6S20)eS0
, (78)
is corrected terms, hence corrected partition function is lnZ = lnZ0 + lnZc.
Now, we can study specific heat graphically. By using the above relations in the equation (34) we can
find that the specific heat of charged AdS black hole is negative at a small radius while in the presence of
quantum correction, specific heat is positive. These are illustrated in Fig. 14. The dashed green line of Fig.
14 shows that charged AdS black hole is stable when r1 < r+ < r2 in agreement with the claim of Ref. [54]
(r1 and r2 denoted by circles in Fig. 14). We can confirm such stability by analyzing the Hessian matrix of
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FIG. 13: Temperature in terms of r+ for l = 1.
FIG. 14: Specific heat in terms of r+ for l = g = 1, and Q = 0.1.
the Helmholtz free energy similar to the section V.
By using the result of Fig. 13 we can see that the black hole temperature is zero at about r+ = 0.2 (for
Q = 0.1), however, at this point, we have non-zero mass, entropy, and specific heat. We can interpret it as
a black remnant.
Then we can see the typical behavior of Gibbs free energy in Fig. 15. We can see some local extremum
in Gibbs free energy, anyway effect of quantum correction is decreasing it. We find that opposite to the
ordinary case [54] there is no holographically dual Van der Waals fluid in presence of quantum corrections
(in small area), hence there is no any critical points and phase transition at quantum scales.
VIII. CONCLUSION
In this paper, we considered the recent idea that the black hole entropy should be corrected by exponential
term [25] at quantum scales, and shown that such corrected entropy obtained by counting measurable and
unmeasurable microstates. The main goal of this paper was study of such an effect on the black hole
thermodynamics. Hence, the effect of the exponential correction term of the entropy on the canonical
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FIG. 15: Gibbs free energy in terms of S0 for l = g = 1, and Q = 0.1.
partition function is calculated. Therefore, corrected partition function due to quantum fluctuations obtained
which is used to study exponential corrected thermodynamics of some black holes. We found that such a
correction term affects the black hole stability when the black hole size becomes small. We found that as
a 4D Schwarzschild black hole, which decreased its size due to the Hawking radiation, becomes stable at
a small area limit hence does not evaporate. We obtained a similar result for the Schwarzschild-AdS black
hole in four-dimensional space-time. On the other hand, we found that the quantum corrections have no
effect on the 5D Schwarzschild black hole. Opposite to the 4D Schwarzschild black hole, we found that
Reissner-Nordstro¨m black hole (charged black hole) is unstable due to thermal fluctuations. It means that
the black hole charge is a cause by a stable/unstable phase transition which happen when the black hole size
is large. However, the charged AdS black hole will be stable at a small area due to the quantum correction,
which may yield to the black remnant. It means that the stable black hole evaporates and creates the black
remnants at zero temperature while non-zero mass. It may be used to solve the information loss paradox of
black holes.
For the future work, it is interesting to find the exponential corrected partition function of Kerr or Kerr-AdS
black holes (rotating black holes [54]) and discuss the quantum effect on thermodynamics stability.
Already, we used logarithmic corrected entropy [56] to study shear viscosity to entropy ratio and found
the universal lower bound violated. It is interesting to consider exponential corrected entropy to study the
holographic description of a quark-gluon plasma [57].
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